FUNCTIONAL ANALYSIS, PHD 1IN STATISTICS, A.A. 2019-2020
TEACHER ANNALISA CESARONI
PROGRAM.

Metric spaces. Definition of metric spaces. Topology induced by the metric: balls, open sets, closed
sets. Notion of convergence. Complete metric spaces. Continuous functions on metric spaces. Banach
Caccioppoli theorem (map contraction theorem). Norms on vectorial spaces, Banach spaces.

Measure theory and integration theory. Definition of g-algebras, definition of measures, measure
spaces. Completion of a o-algebra. Outer measures and Caratheodory criterion.

Borel o- algebras and Borel measures. Lebesgue-Stieltjes measures on R, the Lebesgue measure on R
and the Lebesgue measure on R”. Lebesgue measurable functions. Repartition function associated to
a Lebesgue measurable function. Definition of the Lebesgue integral.

Absolutely continuous measure with respect to Lebesque measure. Example: measure associated to a
positive L}, function. Example: the Gaussian measure. Integration with respect to a measure which
is absolutely continuous w.r.t the Lebesgue measure.

Singular measures with respect to the Lebesgue measure. Example: discrete measures. Integration

with respect to discrete measures. The Lebesgue-Radon-Nikodym decomposition.

LP spaces. Spaces of integrable functions, LP spaces. The Chebychev inequality, the Young inequality
and the Holder inequality, with applications. Monotone convergence theorem, Fatou lemma and
dominated convergence theorem.

Modes of convergence and approximations in LP. Different modes of convergence for sequences
of functions: convergence in measure, almost everywhere convergence, convergence in LP, weak con-
vergence in LP. Relations between the different modes of convergence. Weak convergence of measures
(some hint).

Simple functions are dense in LP. Convolution in L?, Young inequality. Mollifiers and approximated
identity. C'*° functions are dense in LP.

Rescaled periodic functions converges weakly to their average, Riemann-Lebesgue lemma.

Central limit theorem.
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